We introduce cellular automata whose cell spaces are left-homogeneous spaces, show that their global transition functions are closed under composition, prove a uniform as well as a topological variant of the Curtis-Hedlund-Lyndon theorem, and deduce that such an automaton is invertible if and only if its global transition function is bijective. Examples of left-homogeneous spaces are spheres, Euclidean spaces, as well as hyperbolic spaces acted on by isometries; uniform tilings acted on by symmetries; vertextransitive graphs, in particular, Cayley graphs, acted on by automorphisms; groups acting on themselves by multiplication; and integer lattices acted on by translations.
Take, for example, the hyperbolic plane, colour it by shades of grey, and equip it with the following dynamics: In one discrete-time step a point assumes the average colour of the points that are at most, say, 1 unit away. The time evolution is homogeneous, in the sense that all points use the same rule, and it is local, in the sense that each point only observes nearby points. Homogeneity and locality are the defining properties of cellular automata.
In the Curtis-Hedlund-Lyndon theorem such automata are characterised by topological means. This makes it possible to study them using the theory of topology. A well-known application is the proof that the steps of a bijective cellular automaton can be reversed by the steps of another automaton of the same kind. Doing computations and simulations reversibly may allow energy efficiency below the Landauer bound; having automata over uniform tilings of the hyperbolic plane makes non-deterministic polynomial time problems with respect to Turing machines deterministically solvable in polynomial time by cellular automata; and having automata over curved spaces like the anti-de Sitter space allows the simulation of physical phenomena that take place in such spaces.
The time evolution of our automaton on the hyperbolic plane is equivariant, in the sense that, when you first translate, rotate, or reflect the colouring of the hyperbolic plane and then do one step, you get the same colouring as when you first do one step and then translate, rotate, or reflect the colouring. For translations, this follows directly from the homogeneity, and, for rotations and reflections, from the invariance of the rule under such symmetries, more precisely, from the fact that the average colour observed by a point in its neighbourhood is not affected by rotating or reflecting the colouring about the point.
Moreover, the time evolution is uniformly continuous, in the sense that the colouring of a bounded region is uniquely determined by the colouring one step earlier of the bounded region of points that are at most 1 unit away from the original region. This follows directly from the locality.
In general, a map from a colouring to a colouring is homogeneous and local if and only if it is equivariant and uniformly continuous. This equivalence is a variant of the Curtis-Hedlund-Lyndon theorem that we prove in the present paper. It was originally proven for automata over integer lattices with finitely many states and neighbours, later for automata over groups with arbitrarily many states but finitely many neighbours, and in the present paper for automata over left-homogeneous spaces with arbitrarily many states and arbitrarily many neighbours that are nearby.
The main difficulty in the study of automata over left-homogeneous spaces is the fact that, in general, for each pair of points, there is more than one distance-preserving bijection that maps one point to the other. For example, for the sphere, each rotation by 180 • about a horizontal line through the sphere's centre, maps the north pole to the south pole. Hence, there is no canonical way to map a neighbourhood of the north pole to one of the south pole. But such a mapping is needed to define what it means for the north and the south pole to use the same rule.
The impatient may skim over the first three sections to arrive quickly at the definition of cellular automata in Sect. 4 on p. 18 (see in particular Definitions 11, 16) and over the next few sections to arrive at the statements of the variants of the Curtis-Hedlund-Lyndon theorem in Sect. 7 on p. 43 (see Main Theorems 5 and 6).
Motivation In the first chapter of the monograph 'Cellular automata and groups' (Ceccherini-Silberstein and Coornaert 2010), Tullio Ceccherini-Silberstein and Michel Coornaert develop the theory of cellular automata whose cell spaces are groups. Examples of groups are abound: The integer lattices and Euclidean spaces with addition (translation), the one-dimensional unit sphere embedded in the complex plane with complex multiplication (rotation), and the vertices of a Cayley graph with the group structure it encodes (graph automorphisms).
Yet, there are many sets whose structure is not compatible with that of any group. For example: Each Euclidean n-sphere, except for the zero-, one-, and three-dimensional, does not admit a topological group structure; and the Petersen graph does not admit an adjacency-preserving group structure on its vertices. However, these structured sets can be acted on by subgroups of their automorphism group by function application. For example Euclidean n-spheres can be acted on by rotations about their centres and graphs can be acted on by adjacency-preserving permutations of their vertices.
Moreover, there are structured groups that have more symmetries than can be expressed by the group structure. The integer lattices and the Euclidean spaces under addition, for example, are groups, but addition expresses only their translational symmetries but not their rotational and reflectional ones. Though, they can be acted on by arbitrary subgroups of their symmetry groups, like the ones generated by translations and rotations.
The general notion that encompasses these structurepreserving actions is that of a group set, that is, a set that is acted on by a group. A group set M acted on by G such that for each tuple (m, m ) ∈ M × M there is a symmetry g ∈ G that transports m to m is called left-homogeneous space and the action of G on M is said to be transitive. In particular, groups are left-homogeneous spaces-they act on themselves on the left by multiplication.
In the present paper, we develop the theory of cellular automata whose cell spaces are left-homogeneous spaces which culminates in the proof of a uniform and a topological variant of a famous theorem by Morton Landers Curtis, Gustav Arnold Hedlund, and Roger Conant Lyndon from 1969, see the paper 'Endomorphisms and automorphisms of the shift dynamical system' (Hedlund 1969) . The development of this theory is greatly inspired by Ceccherini-Silberstein and Coornaert (2010) .
These cellular automata are defined so that their global transition functions are equivariant under the induced group action on global configurations. Depending on the choice of the cell space, these actions may be plain translations but also rotations and reflections. Exemplary for the first case are integer lattices that are acted on by translations; and for the second case Euclidean n-spheres that are acted on by rotations, but also the two-dimensional integer lattice that is acted on by the group generated by translations and the rotation by 90 • .
Sébastien Moriceau defines and studies a more restricted notion of cellular automata over group sets in his paper 'Cellular automata on a G-set' (Moriceau 2011) . He requires sets of states and neighbourhoods to be finite. His automata are the global transition functions of what we call semicellular automata with finite set of states and finite sufficient neighbourhood. For these he proves many results that are analogous to those in the present paper, though he uses different techniques.
His automata obtain the next state of a cell by translating the global configuration such that the cell is moved to the origin, restricting that configuration to the neighbourhood of the origin, and applying the local transition function to that local configuration. Our automata obtain the next state of a cell by determining the neighbours of the cell, observing the states of that neighbours, and applying the local transition function to that observed local configuration. The obtained states are the same, but the viewpoints are different, which manifests itself in proofs and constructions.
To determine the neighbourhood of a cell we let the relative neighbourhood semi-act on the right on the cell. That right semi-action is to the left group action what right multiplication is to the corresponding left group multiplication. Many properties of cellular automata are a consequence of the interplay between properties of that semi-action, translations of global configurations, and rotations of local configurations. That semi-action also plays an important role in our definition of right amenable left group sets, see Wacker (2017) , for which the Garden of Eden theorem holds, see Wacker (2016) , which states that each cellular automaton is surjective if and only if it is pre-injective. For example finitely right generated left-homogeneous spaces of sub-exponential growth are right amenable, in particular, quotients of finitely generated groups of sub-exponential growth by finite subgroups acted on by left multiplication.
Contents In Sect. 1 we motivate the definition of semicellular and cellular automata on left-homogeneous spaces by a geometrical interpretation of traditional cellular automata on the two-dimensional integer lattice. In Sect. 2 we introduce left group actions and our prime examples, which illustrate phenomena that cannot be encountered in groups acting on themselves on the left by multiplication. In Sect. 3 we introduce coordinate systems, cell spaces, and right quotient set semi-actions that are induced by transitive left group actions and coordinate systems. In Sect. 4 we introduce semicellular and cellular automata. In Sect. 5 we show that a global transition function does not depend on the choice of coordinate system, is equivariant under the induced left group action on global configurations, is determined by its behaviour in the origin, and that the composition of two global transition functions is a global transition function. In Sect. 6 we introduce properness and semi-properness of left group actions. In Sect. 7 we prove a uniform and a topological variant of the Curtis-Hedlund-Lyndon theorem, which characterise global transition functions of semi-cellular automata by uniform and topological properties. And in Sect. 8 we characterise invertibility of semi-cellular automata. Note that in Sects. 6, 7, and 8 we assume that the reader is familiar with the basics of the theories of topological and uniform spaces; see, for example, Chapters 2 and 9 in Wacker (2012) or Appendices A and B in Ceccherini-Silberstein and Coornaert (2010).
Introduction
Informally, a traditional two-dimensional cellular automaton is a regular grid of similar finite-state machines working in synchrony whose inputs are the states of neighbouring machines. Formally, it is a quadruple made up of the set M = Z 2 of cells, a finite set Q of states, a finite subset N of Z 2 -the (relative) neighbourhood (think of vectors)-, and a local transition function δ from Q N to Q. The maps in Q N are local configurations and the maps in Q M are global configurations. The neighbourhood of a cell m is m + N and the local configuration that is observed by a cell m in a global configuration c is the map
The global transition function is the map
The state (c)(m) is determined by applying the local transition function to the local configuration observed by m in c. Because the local transition function is the same for all cells, the map is homogeneous. And, because the local configuration that is observed by a cell is determined by the states of its finitely many neighbours, the map is local.
The translations of global configurations are the maps t _, for t ∈ Z 2 , where
The global transition function is equivariant under translations (because it is homogeneous), which means that
and it is continuous with respect to the prodiscrete topology on Q M (because it is local; the prodiscrete topology on Q M is is the product topology on m∈M Q, where Q is equipped with the discrete topology), which means that
Conversely, each map on Q M with these two properties is the global transition function of a cellular automaton. This characterisation of global transition functions is known as Curtis-Hedlund-Lyndon theorem. It follows from this theorem and basic topology that the inverse of a bijective global transition function is itself a global transition function. Moreover, because global transition functions are homogeneous, they are determined by their behaviour in the origin; and, because the composition of two global transition functions is homogeneous and local, it is itself a global transition function.
The above can be interpreted algebraically or geometrically. Algebraically, the cells M form a group under addition and the (relative) neighbourhood N is given such that the neighbourhood of the neutral element 0 is N itself. If above we replace Z 2 by any group G, the element 0 by its neutral element, and the addition + by its operation, then we get the definition, a characterisation, and some properties of cellular automata over G.
Geometrically, the cells M form a grid. This grid has the translational symmetries g + _, for g ∈ Z 2 . They form a group under composition. This group is isomorphic to the group G = Z 2 under addition. In other words, the translation vectors in G encode the translations of M. Hence, the group G acts on M on the left by translations, more formally, by (g, m) → g + m. Dedicate the cell m 0 = 0 as the origin of M. The (relative) neighbourhood N is given such that the neighbourhood of the origin m 0 is N itself. For each cell m, there is a translation vector g m 0 ,m such that g m 0 ,m +m 0 = m, namely m; this property of the action of G on M is known as transitivity. The neighbourhood of m is the translation of N by g m 0 ,m , namely g m 0 ,m + N . A cell m uses these translations to observe the local configuration c(m + _) in a global configuration c. Moreover, the action of G on M induces the action of G on Q M (translations of global configurations). That interpretation suggests the following generalisation of cellular automata.
Let M be a set, let G be a group, and let be a transitive left group action of G on M. The action induces a left group action of G on Q M . Moreover, let m 0 be an element of M, let g m 0 ,m 0 be the neutral element of G, and, for each element m ∈ M \ {m 0 }, let g m 0 ,m be an element of G such that g m 0 ,m m 0 = m. If in the geometrical interpretation we use M as the grid, the group G as the translation vectors, the action as the action of G on M by translations, namely +, the element m 0 as the origin, and, for each cell m, the element g m 0 ,m as the dedicated translation vector of m, then we get a definition of semi-cellular automata over M. They have the prefix 'semi' because their global transition functions are in general not equivariant under .
For example, the right shift on the one-dimensional grid, acted upon by the group of translations and reflections, is equivariant under translations but not under reflections. The reason is that translations leave the meanings of right and left, whereas reflections reverse them. That the right shift is not equivariant under reflections can already be seen by the fact that its local transition function depends on the distinction between right and left, in other words, by the fact that it is not invariant under reflections. In general, to get equivariance of a global transition function under all symmetries, its local transition function must be invariant under certain symmetries.
The stabilizer G 0 of m 0 is the set of all group elements that fix m 0 (think of rotations about m 0 ). Let us assume that N is invariant under G 0 . Then, the restriction of to G 0 induces a left group action • of G 0 on Q N (think of rotations of local configurations). A global transition function is equivariant under if and only if its local transition function is invariant under •. A semi-cellular automaton with the latter property is a cellular automaton. For these automata, the global transition function does not depend on the choice of {g m 0 ,m } m∈M , the Curtis-Hedlund-Lyndon theorem holds, and the other statements made above hold also. Actually, for many properties it is sufficient that the local transition function is invariant under the restriction of
Note that we fix an origin m 0 , because we need a reference cell for the (relative) neighbourhood N ; we fix the group elements {g m 0 ,m } m∈M , because we need them to define the neighbourhood of each cell m as g m 0 ,m N ; we choose g m 0 ,m 0 as the neutral element, because we want the neighbour of the origin that corresponds to the relative neighbour n to be n itself; we require the left group action to be transitive, because otherwise there would be a cell m for which there would be no group element g such that g m 0 = m and hence we could not fix a group element g m 0 ,m . Fixing m 0 and {g m 0 ,m } m∈M is necessary for the definition of global transition functions by local transition functions. However, it is not necessary for the characterisation of global transition functions by equivariance and continuity.
We could regard N as the neighbourhood of the origin (a set of points) and g m 0 ,m N as translating the neighbourhood of the origin to m. However, we regard N as a relative neighbourhood (a set of vectors) and m N = g m 0 ,m N as adding the relative neighbourhood on the right to m (think of point-vector addition). Because we have chosen an origin m 0 , there is a natural bijection between M and the quotient set G/G 0 . Under the identification of M with G/G 0 , the relative neighbourhood N is a subset of G/G 0 . And, the map : M × G/G 0 → M, (m, g) → g m 0 ,m g, is a right semiaction that semi-commutes with . We could have defined as a map with domain M × M, but to state its properties it is convenient to have the domain M × G/G 0 . In the definition of we identified M with G/G 0 to regard g ∈ G/G 0 as an element of M. There is an equivalent definition that works without this identification.
The transporter G m,m is the set of all group elements that transport m to m . The quotient set G/G 0 is the set of all transporters from m 0 . Under the identification of M with G/ G 0 , a (relative) neighbour n is the transporter G m 0 ,n . And, under the identification of singleton sets with their only element, we have m n = g m 0 ,m n = G m,g m 0 ,m n m = g m 0 ,m ng −1 m 0 ,m m. In particular, because g m 0 ,m 0 is the neutral element, we have m 0 n = n m 0 . So, we can think of n as a localised vector with initial cell m 0 , of conjugating n with g m 0 ,m as changing the initial cell to m, of as a means to turn localised vectors into a cell by adding it to its initial cell, and of as a means to add a localised vector with initial cell m 0 to any cell. And, we can define by m n = g m 0 ,m ng −1 m 0 ,m m.
Many properties of cellular automata still hold if the set of states and the neighbourhood are infinite. And, on continuous spaces, infinite and compact neighbourhoods are more natural than finite ones. Therefore, we drop the usual finiteness requirements. However, in the uniform variant of the Curtis-Hedlund-Lyndon theorem, we require the neighbourhood to be compact (a generalisation of finiteness for continuous spaces); and in the topological variant, we require the set of states and the neighbourhood to be finite.
Left group actions
Introduction The symmetries of a geometric object are distance-preserving bijections on the object. The identity map is the trivial symmetry that maps each point to itself. The composition of two symmetries is again a symmetry. The symmetries under composition form a group. One says that this group (or some subgroup) acts on the geometric object by mapping points to points. On each point the identity map acts trivially and the composition of two symmetries acts in the same way as the right symmetry does followed by the left.
The symmetries of a circle are the reflections1 about lines through its centre and the rotations about it. Note that the reflection about the centre of the circle is not missing, because it is identical to the rotation by 180 • . For each pair of points on the circle, there is a symmetry, even a rotation, that maps one point to the other. One says that the symmetries, even only the rotations, act transitively on the circle. Moreover, for each pair of points on the circle, there is at most, even exactly, one rotation that maps one point to the other. One says that the rotations act freely on the circle. However, the symmetries do not act freely on the circle, because for each pair of points, in addition to the rotation that maps one point to the other, the reflection about the line through the centre of the circle and the centres of the circular arcs connecting the two points does so too.
For each point on the circle, the points it can be mapped to by a symmetry, called orbit of the point, is the circle; the symmetries that map the point to itself, called stabilizer of the point, are the identity map and the reflection about the line through the centre of the circle and the point; and the symmetries that map a point to another point, called transporter from the point to the other one, are the reflection about the line through the centre of the circle and the centres of the circular arcs connecting the points, and the rotation by the central angle between the points with the correct sign.
The symmetries of a square are the four reflections (about the horizontal line through the centre of the square, the vertical line through the centre of the square, and the two diagonals) and the four rotations (by 0 • , 90 • , 180 • , and 270 • ). For each pair of vertices of the square, there is a sym-metry, even a rotation, that maps one vertex to the other. However, there is no symmetry that maps a vertex to a point on an edge and vice versa. Thus, the symmetries, even only the rotations, act transitively on the vertices; whereas the symmetries do not act transitively on the square itself. Therefore, it is often appropriate to regard 'pointy' geometrical objects as graphs, that is, as their vertices equipped with structural information induced by their edges. Their symmetries are graph automorphisms, that is, bijections on the vertices that preserve adjacency.
Contents In Definition 1 we introduce left group actions and left group sets. In Examples 1-3 we introduce three examples of left group sets that we use to illustrate new notions throughout the present paper. In Remark 1 we show in which sense left group actions act by symmetries. In Definition 2 we introduce restrictions of left group actions to subgroups. In Definition 3, we introduce transitivity and freeness. In Definition 4 we introduce homogeneous spaces. In Definition 5 we introduce orbits, stabilizers, and transporters. In Remark 2 we remark that the quotient set by the stabilizer of a point is the set of transporters from that point. In Lemma 1 we show how stabilizers and transporters of two elements with the same orbit relate to each other. In Definition 6 we introduce invariance of maps under left group actions. In Definition 7 we introduce equivariance of maps from one group set to another; such maps are homomorphisms. In Lemma 2 we show that the inverse of an equivariant and bijective map is again equivariant. In Lemma 3 we show that a group acts transitively on each of its quotient sets on the left by multiplication. And in Lemma 4 we show that each transitive left group action is isomorphic to an action as in Lemma 3.
Definition 1 Let M be a set, let G be a group, let be a map from G × M to M, and let e G be the neutral element of G. The map is called a left group action of G on M, the group G is said to act on M on the left by , and the triple (M, G, ) is called a left group set if and only if
Example 1 (Group) Let G be a group. It acts on itself on the left by multiplication.
Example 2 (Sphere) Let M be the Euclidean unit 2-sphere, that is, the surface of the ball of radius 1 in three-dimensional Euclidean space, and let G be the rotation group. The group G acts on M on the left by function application, that is, by rotation about the centre of the sphere. This action is denoted by .
Example 3 (Plane) Let M be the Euclidean plane R 2 and let G be the special Euclidean group E + (2) , that is, the group generated by translations and rotations of M. The group G acts on M on the left by function application. This action is denoted by .
Remark 1 Let M be a set, let G be a group, and let Sym(M) be the symmetric group of M. For each left group action of G on M, the map
is a group homomorphism. And, for each group homomorphism f from G to Sym(M), the map
is a left group action. Example 4 (Group) In the situation of Example 1, the left group action is transitive and free.
Example 5 (Sphere) In the situation of Example 2, the left group action is transitive but not free.
Example 6 (Plane) In the situation of Example 3, the left group action is transitive but not free. Example 7 (Group) In the situation of Example 4, each orbit is G and each stabilizer is {e G }.
Example 8 (Sphere) In the situation of Example 5, for each point m ∈ M, its orbit is M and its stabilizer is the group of rotations about the line through the centre and itself.
Example 9 (Plane) In the situation of Example 6, for each point m ∈ M, its orbit is M and its stabilizer is the group of rotations about itself. Hence, gg g −1 ∈ G m . In conclusion, gG m g −1 ⊆ G m . Secondly, let g ∈ G m . Then, as above, g = g −1 g g ∈ G m . Hence, g = gg g −1 ∈ gG m g −1 . In conclusion, 
Lemma 3 Let G be a group and let H be a subgroup of G. The group G acts transitively on the quotient set G/H on the left by
Proof The map · is well-defined, because, for each g ∈ G, each g 1 ∈ G, and each g 2 ∈ G,
It is a left group action, because, for each g H ∈ G/H , e G · g H = g H, and, for each g 1 ∈ G, each g 2 ∈ G, and each g H ∈ G/H ,
It is transitive, because, for each g 1 H ∈ G/H and each g 2 H ∈ G/H ,
Lemma 4 Let be a transitive left group action of G on M, let m 0 be an element of M, and let G 0 be the stabilizer of m 0 under . The map
is ( , ·)-equivariant and bijective, in other words, the map ι is an isomorphism from the left-homogeneous space (M, G, ) to (G/G 0 , G, ·).
Proof For each g ∈ G and each m ∈ M,
Hence, ι is ( , ·)-equivariant. Moreover, for each (m, m ) ∈ M × M with m = m , we have G m 0 ,m = G m 0 ,m . Thus, ι is injective. Furthermore, for each gG 0 ∈ G/G 0 , we have G m 0 ,g m 0 = gG 0 . Therefore, ι is surjective.
Right quotient set semi-actions
Introduction The rotations of a circle act on it on the left by function application, because a rotation by x degrees, ρ x , followed by a rotation by y degrees, ρ y , is the same as the rotation by y+x degrees,
They also act on the circle on the right by function application, because a rotation by x degrees, ρ x , followed by a rotation by y degrees, ρ y , is the same as the rotation by
These actions commute with each other, because a rotation by x degrees followed by a rotation by y degrees is the same as a rotation by y degrees followed by a rotation by x degrees, symbolically, (ρ x _) ρ y = ρ x (_ ρ y ). More succinctly, rotations act on the right by function application, and the left and right actions commute, because rotations commute under composition. The symmetries of a circle act on it on the left by function application. However, they do not act on it on the right by function application, because, for example, the rotation by 90 • followed by the reflection about the vertical line v through the centre of the circle is not the same as the reflection about v followed by the rotation by 96 • , symbolically,
In a sense, the problem is that reflections treat different points differently: Some points stay put, others are reflected to points close by, and still others to points far away.
To solve this, let us fix a point on the circle and call it origin (beware, do not mistake this point for the origin of the space the circle may be embedded in). We want to define the right group semi-action such that a symmetry acts on each point as it does on the origin. For example, under the right semi-action, if a symmetry stabilizes the origin, then it shall stabilize each point; and, if a symmetry throws the origin to its opposite point, then so it shall do with each point. So, a symmetry semi-acts on the right on a point by first rotating the point to the origin, secondly acting with the symmetry on the left, and lastly undoing the first rotation, symbolically,
where ρ m denotes the rotation that rotates the origin to m. Note that m 0 σ = σ m 0 . And, that this semi-action agrees with the right group action of the rotations on the circle. In particular, it is transitive.
The identity map semi-acts trivially on each point on the right, symbolically, m id = m. However, in general, the composition of two symmetries semi-acts in a different way on the right than the first symmetry does followed by the second, symbolically, m (σ • ς) = (m σ ) ς . Yet, it can be seen that the difference is little in the sense that there is a symmetry ς 0 that stabilizes the origin and may depend on m and σ such that m (σ • ς) = (m σ ) (ς 0 • ς). Because of this property, the map is a semi-action. Note that only the identity map and the reflection about the line through the centre of the circle and the origin stabilize the origin; and that ς 0 is the identity map, if σ and ς are both rotations or both reflections, and the reflection about , otherwise.
The right semi-action semi-commutes with the left action, which means that first acting on the left and then semi-acting on the right is almost the same as first semi-acting on the right and then acting on the left, where the defect is again a symmetry that stabilizes the origin. Symbolically, (σ m) ς = σ (m (ς 0 • ς)), where ς 0 stabilizes the origin and may depend on m and σ .
For a point m on the circle, there are two symmetries that map the origin to m, the rotation ρ m and the (roto-)reflection ρ m • , where is the reflection that stabilizes the origin. Because these two symmetries semi-act the same way on each point on the right, the semi-action is not free. The elements of the quotient set of the symmetries of the circle by the stabilizer of the origin, namely {id, }, are the sets {ρ m , ρ m • } for points m. This quotient set semi-acts on the circle by m {ρ m , ρ m • } = m ρ m . So, it acts in the same way as but is free, which means that, if m = m T , then = T .
Under the identification of the quotient set, which is even a quotient group, with the rotations, the right quotient set semi-action is identical to the right group action of the rotations on the circle we considered at the beginning of this introduction. However, while the symmetry group of the circle has this nice subgroup, namely the rotation group, that acts freely and transitively on it on the right, the symmetry groups of other geometrical objects do not have such subgroups. Nevertheless, we can construct a free and transitive right quotient set semi-action on these geometrical objects as we did for the circle.
Contents In Definition 8 we introduce coordinate systems for left-homogeneous spaces as tuples made up of an origin and, for each point, a group element (think of a coordinate) that transports the origin to that point. In Definition 9 we introduce cell spaces as left-homogeneous spaces equipped with coordinate systems. In Definition 10 we introduce bigness of subgroups with respect to a coordinate system as containing all coordinates. In Lemma 5 we introduce right quotient set semi-actions induced by cell spaces of the quotient set of the group by the stabilizer of the origin on the points, which is to the left group action what right multiplication is to the corresponding left group multiplication. In Lemma 6 we show that semi-actions are transitive and free. In Lemma 7 we show that semi-actions semi-commute with their corresponding left group action and exhaust their defect with respect to this semi-commutativity in the origin. And in Lemma 8 we show that under the identification of the quotient set with the points, left group actions on quotient sets by multiplication and right quotient set semi-actions can be expressed in terms of left group actions on points.
Definition 8 Let M = (M, G, ) be a left-homogeneous space, let m 0 be an element of M, let g m 0 ,m 0 be the neutral element of G, and, for each element m ∈ M\ {m 0 }, let g m 0 ,m be an element of G such that g m 0 ,m m 0 = m. The tuple K = (m 0 , {g m 0 ,m } m∈M ) is called a coordinate system for M; the element m 0 is called an origin; for each element m ∈ M, the element g m 0 ,m is called a coordinate of m; for each subgroup H of G, the stabilizer of the origin m 0 under
Example 10 (Group) In the situation of Example 7, let m 0 be the neutral element e G of G and, for each element m ∈ G, let g m 0 ,m be the only element in G such that g m 0 ,m m 0 = m, namely m.
Example 11 (Sphere) In the situation of Example 8, let m 0 be the north pole (0, 0, 1) of M and, for each point m ∈ M, let g m 0 ,m be a rotation about an axis in the (x, y)-plane that rotates m 0 to m. Note that g m 0 ,m 0 is the identity map.
Example 12 (Plane) In the situation of Example 9, let m 0 be the origin (0, 0) of M and, for each point m ∈ M, let g m 0 ,m be the translation _ + m that translates m 0 to m. Note that g m 0 ,m 0 is the identity map. The tuple K = (m 0 , {g m 0 ,m } m∈M ) is a coordinate system for M = (M, G, ) and the tuple R = (M, K) is a cell space.
Example 13 (Group) In the situation of Example 10, because the set
Example 14 (Sphere) In the situation of Example 11, because the set g m 0 ,m | m ∈ M generates G, the only K-big subgroup of G is the group G.
Example 15 (Plane) In the situation of Example 12, because the set g m 0 ,m | m ∈ M is the set T of translations, the subgroup T of G is K-big; and, because G is the inner semidirect product of the rotations R 0 about m 0 acting on T , each inner semidirect product of a subgroup of R 0 acting on T is a K-big subgroup of G.
Remark 3 The terms 'coordinate system' and 'K-big' are due to Sébastien Moriceau, see Moriceau (2011) .
Remark 4 Most lemmata in this section serve two purposes: First, stating that something has a property and, secondly, giving a name to the property, where name and property are separated by the clause 'which means that'.
In the remainder of this section, let
Example 16 (Group) In the situation of Example 13, the stabilizer G 0 of the neutral element m 0 under · is the trivial subgroup {e G } of G and, for each element m ∈ G and each element g ∈ G, we have m gG 0 = g m 0 ,m gg −1 m 0 ,m m = mgm −1 m = mg. Under the natural identification of G/G 0 with G, the induced semi-action is the right group action of G on itself by right multiplication.
Example 17 (Sphere) In the situation of Example 14, the stabilizer G 0 of the north pole m 0 under is the group of rotations about the z-axis. An element gG 0 ∈ G/G 0 semiacts on a point m on the right by the induced semi-action by first rotating m to m 0 , g −1 m 0 ,m m = m 0 , secondly rotating m 0 as prescribed by g, gg −1 m 0 ,m m = g m 0 , and thirdly undoing the first rotation, g m 0 ,m gg −1 m 0 ,m m = g m 0 ,m (g m 0 ), in other words, by first changing the rotation axis of g such that the new axis stands to the line through the centre and m as the old one stood to the line through the centre and m 0 , g m 0 ,m gg −1 m 0 ,m , and secondly rotating m as prescribed by this new rotation.
Let N 0 be a subset of the sphere M, which we think of as a geometrical object on the sphere that has its centre at m 0 , for example, a circle of latitude. The set N
Furthermore, for each point m ∈ M, the set m N = g m 0 ,m N 0 has the same shape and size as N 0 but its centre at m. Note that N = ι(N 0 ), where ι is the bijection from Lemma 4.
Example 18 (Plane) In the situation of Example 15, the stabilizer G 0 of the origin m 0 under is the group of rotations about m 0 . The special Euclidean group G is the inner semidirect product of G 0 acting on the abelian group T of translations. Under the identification of G/G 0 with T by tG 0 → t, the induced semi-action is the right group action of T on M by function application.
Remark 5 As for left group actions, it is possible to develop an abstract theory of right quotient set semi-actions. However, because we only need the semi-actions as defined in Lemma 5, we do not develop such a theory here.
Lemma 6
The semi-action is 1. transitive, which means that the set M is non-empty and
2. free, which means that
2. Let gG 0 and g G 0 be two elements of G/G 0 , and let m be an element of M such that m gG 0 = m g G 0 . Then,
Lemma 7 The semi-action 1. semi-commutes with , which means that, for each K-big subgroup H of G,
2. exhausts its defect with respect to its semi-commutativity with in m 0 , which means that, for each K-big subgroup H of G,
Lemma 8 The maps
are inverse to each other and, under the identification of G/ G 0 with M by either of these maps,
Proof According to Lemma 4, the map ι is bijective and, for each m ∈ M,
Therefore, m 0 _ = ι −1 . Moreover, according to Lemma 4, the map ι is ( , ·)-equivariant. Hence, for each g ∈ G and each g ∈ G/G 0 ,
And, for each m ∈ M and each gG 0 ∈ G/G 0 ,
Semi-cellular and cellular automata
Introduction Let us consider the following discrete-time dynamical system on a circle whose points can be coloured black and white. In one time step a point becomes white if there is a white point nearby in the clockwise direction, where two points are said to be near each other if their arc distance is not greater than, say, one-hundredth of the circle's circumference; and otherwise retains its colour. The time evolution of that system is homogeneous, in the sense that each point determines its next colour by the same rule, and it is local, in the sense that each point determines its next colour by means of the colours of nearby points. Moreover, it is equivariant under rotations of the circle, but, despite its homogeneity, it is not equivariant under reflections. For example, if the left side of the circle, without the top and bottom points, is white and the other points are black, then in one time step the top point stays black; but, if we first reflect the circle about the vertical line through the centre of the circle, secondly do one time step, and lastly reflect again, then the top point is white. The reason is that the local rule uses the direction of rotation, namely clockwise, which stays the same under rotations but changes under reflections. If the rule considered all nearby points regardless of whether they lie in the clockwise or anticlockwise direction, then time evolution would be equivariant under all symmetries of the circle.
The time evolution of this dynamical system is the global transition function of a semi-cellular automaton whose cells are the points of the circle, whose states are the colours black and white, whose neighbourhood is the set of all nearby points (in either direction) of a designated point, and whose local transition function is the local rule for the designated point described above. Actually, the nearby points in the clockwise direction would be sufficient as neighbourhood, but those are not invariant under the reflection that stabilizes the designated point and for technical reasons we want this invariance.
Without designating a point, the neighbourhood can be described by all rotations that map a point to a point nearby and the local transition function by a map that maps a local configuration to the colour white if there is a white clockwise neighbour, where we call a neighbour clockwise if it maps a point to a point nearby in the clockwise direction; and otherwise to the colour of the identity map, which plays the role of the designated point. The neighbourhood of a point can be recovered by applying the (relative) neighbours to the point, in other words, by acting with the (relative) neighbours on the point on the right. As we have seen in the introduction of Sect. 3, this right action is equivalent to the right semi-action induced by the left action of the symmetries on the circle, where the rotations are identified with the quotient set of the symmetries of the circle by the stabilizer of a designated point.
Contents A semi-cellular automaton is made up of a cell space, a set of states, a neighbourhood (think of a disk about the origin as points or vectors), and a local transition function (see Definition 11). The stabilizer of the origin acts on local configurations (think of rotations of disk-shaped patterns; see Definition 12). The group acts on global configurations (think of rotations and translations of unbounded patterns; see Definition 14). A cell observes a local configuration by first semi-acting on the right on itself with the (relative) neigh-bourhood to determine its neighbours (think of point-vector additions) and secondly reading the states of these neighbours (see Definition 15); or, alternatively, by first translating the global configuration such that the cell is moved to the origin and secondly restricting this translated configuration to the neighbourhood (see Remark 8). The global transition function applies the local transition function synchronously to the observed local configuration of each cell to determine its new state (see Definition 16 and Remark 10). This function is equivariant under the action on global configurations (traditionally known as shift-invariance) if and only if the local transition function is invariant under the action on local configurations (see Item 3 of Theorem 2). If the latter is the case, then the automaton is a cellular automaton (see Definition 13) .
is called a semi-cellular automaton, each element q ∈ Q is called a state, the set N is called the neighbourhood, each element n ∈ N is called a neighbour, and the map δ is called the local transition function.
Remark 6 Under the identification of G/G 0 with M by ι, the neighbourhood N is a subset of M such that G 0 N ⊆ N Example 19 (Group) In the situation of Example 16, the semi-cellular automata over R are the usual cellular automata over the group G.
Example 20 (Sphere) In the situation of Example 17, let Q be the set {0, 1}, let N 0 be the union of all circles of latitude between 45 • and 90 • north, which is a curved circular disk of radius π/4 with the north pole m 0 at its centre, let N be the set ι(N 0 ) = G m 0 ,m | m ∈ N 0 , and let
The quadruple C = (R, Q, N , δ) is a semi-cellular automaton.
Example 21 (Sphere) In the situation of Example 17, let Q be the set {0, 1}, let N 0 be the circle of latitude 45 • north, let N be the set ι(N 0 ), letñ be an element of N , and let
Example 22 (Plane) In the situation of Example 18, let Q be the set of real numbers, let M be identified with G/G 0 by ι, let ε be a positive real number, let N be the open disk of radius ε about m 0 , and let
where ∂ 2 /∂ x 2 (m 0 ) and ∂ 2 /∂ y 2 (m 0 ) are the second-order partial derivatives of by x and y at m 0 . The quadruple C = (R, Q, N , δ) is a semi-cellular automaton.
In the remainder of this section, let C = (R, Q, N , δ) be a semi-cellular automaton.
Definition 12 Each map ∈ Q N is called a local configuration. The stabilizer G 0 acts on Q N on the left by
Remark 7 Under the identification of G/G 0 with M by ι, we have •:
Definition 13 The semi-cellular automaton C is called a cellular automaton if and only if its local transition function δ is •-invariant.
Example 23 (Group) In the situation of Example 19, the stabilizer G 0 of the neutral element m 0 is the trivial subgroup {e G } of G. Therefore, each semi-cellular automaton over R has a •-invariant local transition function and is hence a cellular automaton.
Example 24 (Sphere) In the situation of Example 20, think of 0 as black, 1 as white, and of local configurations as blackand-white patterns on N 0 = m 0 N . The rotations G 0 about the z-axis act on these patterns by • by rotating them. The local transition function δ maps the black pattern to 0 and all others to 1, which is invariant under rotations. Therefore, the quadruple C is a cellular automaton.
Example 25 (Sphere') In the situation of Example 21, the local transition function δ is not •-invariant. Therefore, the quadruple C is not a cellular automaton. 
Definition 15 Remark 9 Because the semi-action is free, for each local configuration ∈ Q N and each cell m ∈ M, there is a global configuration c ∈ Q M such that the local configuration observed by m in c is .
Definition 16
The map
is called the global transition function.
Remark 10 Under the identification of G/G 0 with M by ι, according to Lemma 10, we have :
Remark 11 From a discrete-time dynamical systems viewpoint, when the semi-cellular automaton C is in a global configuration c, then, after one time step, it is in the global configuration (c), where the new state of a cell m is given by applying the local transition function δ to the local configuration observed by m in c, namely to N → Q, n → c(m n).
Example 27 (Sphere) In the situation of Example 24, repeated applications of the global transition function of C grows white regions on M.
Example 28 (Plane) In the situation of Example 26, the restriction of the global transition function to the twice continuously differentiable maps is known as Laplace operator. Recall that the neighbourhood N is an open disk of radius ε about m 0 , where ε is a positive real number. The map does not depend on the radius ε-it can be chosen arbitrarily small without affecting . In other words, there is no smallest neighbourhood for cellular automata whose global transition functions are .
Remark 12 For each subset A of M and each global configuration c ∈ Q M , the states of the cells A in (c) depends at most on the states of the cells A N in c. More precisely,
Remark 13
The neighbourhood N itself is a sufficient neighbourhood. And, if the local transition function δ depends on all neighbours, then the neighbourhood is the only one. In general, it is impossible to choose the neighbourhood such that the local transition function depends on all neighbours, because it may depend only on an arbitrarily small disk about the origin (as in Example 28) or it may depend on a neighbour n but not on g 0 · n for some stabilizer g 0 of the origin (as in the example in the introduction of Sect. 4). Note that because G 0 · N ⊆ N , for each n ∈ N , we have g 0 · n ∈ N .
Recall that the right quotient set semi-action semicommutes with the left group action , symbolically, (g −1 m) n = g −1 (m g 0 · n), where g 0 does not depend on n. Thus, the local configuration that is observed by a cell g −1 m in a global configuration c is a rotation by g 0 of the local configuration that is observed by m in g c, symbolically, c((g −1 m) _) = g −1 0 • ((g c)(m _)) (see Lemma 9). Hence, because local transition functions of cellular automata are •-invariant, their global transition functions are -equivariant (see Theorem 2) . Moreover, this property of observed local configurations is also essential in the proofs of other theorems of Sect. 5.
Lemma 9 Let m be an element of M, let g be an element of G, and let g 0 be an element of G 0 such that
For each global configuration c ∈ Q M ,
Proof For each global configuration c ∈ Q M ,
In the definition of a semi-cellular automaton, instead of a (relative) neighbourhood N and a local transition function δ, we could have used a neighbourhood N 0 of m 0 (see Definition 18) and a local transition function δ 0 of m 0 (see Definition 19) . Then, in the definition of the global transition function, to determine the next state of a cell, we could have translated the global configuration such that the cell is translated to m 0 , restricted this translation to the neighbourhood of m 0 , and applied the local transition function of m 0 (see Lemma 10). Note that under the identification of G/G 0 with M by ι, we have N = N 0 and δ = δ 0 .
Definition 18
The set N 0 = m 0 N is called the neighbourhood of m 0 .
Definition 19
is called the local transition function of m 0 .
Lemma 10
The global transition function of C is identical to the map
Proof Let c ∈ Q M and let m ∈ M. For each n = gG 0 ∈ N , m n = g m 0 ,m g m 0 = g m 0 ,m g m 0 ,m 0 g m 0 Fig. 1 In each subfigure, the first row depicts the part of a global configuration that corresponds to the cells {−3, −2, . . . , 3} and the second row the same part of the image of that global configuration under , , , or . And, the arrows from cells in the first to cells in the second row depict the flow of states
In conclusion, = 0 .
Example 29 (One-dimensional lattice) Let M be the onedimensional integer lattice Z, let T be the group {τ t : m → t + m | t ∈ Z} of translations of M, let R be the set , K ) , Q, N , δ) are two semi-cellular automata whose global transition functions and are the left shift map c → c(_ + 1) (see Fig. 1a ) and the right shift map c → c(_ − 1) (see Fig. 1b ). The reason is that δ depends on the meanings of left and right, which are maintained by but reversed by . Note that K is actually not a coordinate system, because, by definition, the coordinate of the origin must be the identity map τ 0 . That requirement though could be discarded with minor changes to some statements. It was merely made for convenience.
The tuple
In particular, the (actual) neighbour of a cell that corresponds to the (relative) neighbour 1 is the cell to its right, if it is even, and the one to its left, if it is odd. The quadruple C = ((M, K ), Q, N , δ) is a semi-cellular automaton whose global transition function is the map
In one step, each even cell exchanges states with the odd cell to its right (see Fig. 1c ). 3. The tuple K = (0, {τ m } m∈M\{1} × { m } m∈{1} ) is a coordinate system for M. The right quotient set semi-action of G/G 0 M on M induced by (M, K ) is the map
The quadruple C = ((M, K ), Q, N , δ) is a semicellular automaton whose global transition function is the map
In one step, the cells 0 and 1 exchange states and each other cell takes the state from the cell to its right (see Fig. 1d ).
Invariance, equivariance, determination, and composition of global transition functions
Contents In Theorem 1 we show how to turn a semi-cellular automaton in one coordinate system into an automaton in another system that has the same global transition function. In Corollary 1 we show that a global transition function does not depend on the choice of coordinates. In Theorem 2 we show that a global transition function is H -equivariant if and only if its local transition function is • H 0 -invariant. In Theorem 3 we show that a global transition function is determined by its behaviour in the origin. And in Theorem 4 we show that the composition of two global transition functions is a global transition function.
Invariance under change of coordinates of global transition functions
Conjugation by a group element g is a bijection from a quotient set G/G m to G/G g m (see Lemma 11). Under the identifications of such quotient sets with M, all these conjugations together are in a sense the left group action (see Remark 14) . They are used to relate the right quotient set semi-action induced by one coordinate system to the semiaction induced by another system (see Lemma 12) and to turn a semi-cellular automaton in one coordinate system into an automaton in another system that has the same global transition function (see Theorem 1). It follows from the specifics of the latter construction that a global transition function does not depend on the choice of coordinates (see Corollary 1). And it follows that the set of global transition functions of cellular automata in one coordinate system is the same as the one in another system (see Corollary 2) .
Lemma 11 Let be a left group action of G on M. The group G acts on m∈M G/G m on the left by
such that, for each element g ∈ G and each element m ∈ M, the map
is bijective.
Proof To see that the maps • and (g • _) G/G m →G/G g m are well-defined, let g ∈ G, let m ∈ M, let g G m ∈ G/G m , and put m = g m. According to Lemma 1, we have G m = gG m g −1 . Therefore
To show that the map • is a left group action, let gG m ∈ m∈M G/G m . We have e G • gG m = gG m . Moreover, for each g ∈ G and each g ∈ G,
Remark 14 
Proof Let m ∈ M. Put h 0 = g −1 m 0 ,m g m 0 ,m h. Then, h 0 ∈ H 0 and g m 0 ,m = g m 0 ,m h 0 h −1 . Furthermore, let gG 0 ∈ G/G 0 . Then,
Theorem 1 In the situation of Lemma 12, let C = ((M, K), Q, N , δ) be a semi-cellular automaton such that δ is • H 0invariant, let N be the set h • N , and let
The quadruple ((M, K ), Q, N , δ ) is a semi-cellular automaton whose global transition function is identical to the one of C.
Proof We have N ⊆ G/G 0 and G 0 · N ⊆ N . Moreover, let c ∈ Q M and let m ∈ M. According to Lemma 12, there is an h 0 ∈ H 0 such that
In conclusion, = .
Corollary 1 Example 30 (One-dimensional lattice) In Theorem 1, if the assumption that the subgroup H of G is K-big or the one that the local transition function δ is • H 0 -invariant does not hold, then the global transition function of C may be different from the one of C, which is illustrated by each pair of semi-cellular automata of Example 29.
Equivariance, determination, and composition of global transition functions
The local configuration that is observed by a translated cell is identical to a rotation of the one observed by the original cell in the reversely translated global configuration, symbolically, c((g m) _) = g 0 • ((g −1 c)(m _)) (see Lemma 9). Hence, if the local transition function is invariant under rotations, then the global transition function is equivariant under translations (see Item 1 of Theorem 2).
Local configurations can be embedded in global configurations and, through this embedding, the local transition function is identical to the global transition function evaluated at the origin, symbolically, δ( ) = (¯ )(m 0 ). And, rotations of local configurations translate to rotations of global configurations, symbolically, δ(h 0 • ) = (h 0 ¯ )(m 0 ). Hence, if the global transition function is equivariant under rotations, then the local transition function is invariant under rotations (see Item 2 of Theorem 2). Q, N , δ) be a semi-cellular automaton, and let H be a K-big subgroup of G. 
If the local transition function
Hence, according to Lemma 9,
In conclusion, is H -equivariant. 2. Let 0 be an H -equivariant map such that (1) holds.
Furthermore, let ∈ Q N and let h 0 ∈ H 0 . According to Remark 9, there is a c ∈ Q M such that [n → c(m 0 n)] = . According to Item 2 of Lemma 7,
Put the last two chains of equalities together to see that = ((M, G, ), (m 0 , {g m 0 ,m } m∈M ) ) is a cell space. The stabilizer G 0 of m 0 under is generated by the rotations about and reflections through the origin. Under the identification of G/G 0 with Z d by ι, the induced semi-action is the map M × Z d → M, (m, t) → m + t (the elements of Z d are translation vectors).
In the remainder of this example, let d = 2. Then, for each cell m ∈ M, there are four and only four rotations about m, namely those by 0 • , 90 • , 180 • , and 270 • ; and there are five and only five reflections through m, namely those about the vertical, horizontal, descending diagonal, and ascending diagonal line through m, and the point reflection.
Let Q be the binary set {0, 1}, let N be the subset v ∈ Z 2 | v ≤ 1 of Z 2 (note that G 0 N ⊆ N ), and let δ be a map from Q N → Q. The quadruple C = (R, Q, N , δ) is a semi-cellular automaton. The neighbourhood N is called the von Neumann neighbourhood.
1. Let H be the K-big subgroup of G that is generated by the translations. Then, the stabilizer H 0 of m 0 under H is the trivial subgroup of H , the local transition function δ is • H 0 -invariant, and the global transition function of C is H -equivariant. Under the identification of (H, •) with (Z 2 , +) by t + _ → t, that equivariance follows directly from the associativity of +, more precisely, from −t + (m + n) = (−t + m) + n, for t ∈ Z 2 , m ∈ M, and n ∈ N . Indeed, for each translation vector t ∈ Z 2 , each global configuration c ∈ Q M , and each cell m ∈ M,
2. Let H be the K-big subgroup of G that is generated by the translations and reflections about the horizontal and vertical axis. Then, the stabilizer H 0 is generated by the latter, the local transition function δ is • H 0 -invariant if and only if it maps the local configurations that are in the same column in Fig. 2 to the same state, which are exactly those that are in the same orbit under • H 0 . 3. Let H be the K-big subgroup of G that is generated by the translations and reflections about the ascending and descending diagonal line through the origin. Then, the Fig. 2 The local configurations of Q N arranged such that the ones in the same column can be transformed into each other by reflections about the horizontal or vertical axis or combinations of these Fig. 3 The local configurations of Q N arranged such that the ones in the same column can be transformed into each other by reflections about the ascending or descending diagonal through the origin or combinations of these Fig. 4 The local configurations of Q M arranged such that the ones in the same column can be transformed into each other by rotations about the origin stabilizer H 0 is generated by the latter, the local transition function δ is • H 0 -invariant if and only if it maps the local configurations that are in the same column in Fig. 3 to the same state. 4. Let H be the K-big subgroup of G that is generated by the translations and rotations about the origin. Then, the stabilizer H 0 consists of the latter, the local transition function δ is • H 0 -invariant if and only if it maps the local configurations that are in the same column in Fig. 4 to the same state. 5. Let H be the K-big subgroup of G that is generated by the translations and the point reflection through the origin. Then, the stabilizer H 0 consists of the latter, the local transition function δ is • H 0 -invariant if and only if it maps the local configurations that are in same column in Fig. 5 to the same state. 6. Let H be the K-big subgroup of G that is generated by the translations, rotations and reflections. Then, H is the group G and the stabilizer H 0 is generated by the rotations about and reflections through the origin. However, because there are only two states, the orbits of • H 0 are the same as if H 0 were generated only by the rotations about the origin. Hence, the local transition function δ is • H 0 -invariant if and only if it maps the local configura- Fig. 5 The local configurations of Q M arranged such that the ones in the same column can be transformed into each other by the point reflection through the origin tions that are in the same column in Fig. 4 to the same state.
In each case, the global transition function is equivariant under the respective symmetries of H .
Example 32 (Plane) In the situation of Example 18, let C = (R, Q, N , δ) be a semi-cellular automaton, let R be a subgroup of the group G 0 of rotations about m 0 , and let T R be the inner semidirect product of R acting on T . The group T R is K-big and the stabilizer (T R) 0 of m 0 under T R is the group R. According to Item 3 of Theorem 2, the local transition function δ is • R -invariant if and only if the global transition function is T R -equivariant. In particular, because δ is • {e G } -invariant, the map is Tequivariant. Broadly speaking, the more invariant δ is, the more equivariant is , and vice versa.
If a map on global configurations is equivariant under translations and is determined by a local transition function at the origin, then, using translations from the origin to all other cells, we see that the map is determined by the local transition function at all cells, in other words, the map is the induced global transition function (see Theorem 3). Q, N , δ) be a semi-cellular automaton, let 0 be a map from Q M to Q M , and let H be a K-big subgroup of G. The following two statements are equivalent:
Proof First, let δ be • H 0 -invariant and let 0 be the global transition function of C. According to Item 1 of Theorem 2, the map 0 is H -equivariant and, according to Definition 16, (2) holds. Secondly, let 0 be H -equivariant and let (2) hold. According to Item 2 of Theorem 2, the local transition function δ is • H 0 -invariant. Furthermore, let c ∈ Q M and let m ∈ M. Put h = g −1 m 0 ,m ∈ H . Then,
According to Lemma 7, there is an h 0 ∈ H 0 such that, for each n ∈ N , we have (h −1 m 0 ) n = h −1 (m 0 h 0 · n). Therefore, according to Lemma 9, c(m n) ).
Put the last four chains of equalities together to see that c(m n) ). In conclusion, 0 is the global transition function of C.
Corollary 4 C be a cellular automaton with set of cellsM and set of states Q and let 0 be a map from Q M to Q M . The global transition function of C is 0 if and only if
Proof This follows directly from Corollary 3 and Theorem 3 with H = G.
Example 33 (One-dimensional lattice) In Theorem 3, if the assumption that the subgroup H of G is K-big does not hold, then Item 1 may not be equivalent to Item 2, which is illustrated by Item 3 of Example 29 with H = T and K = K .
Multiplying the neighbourhoods of two cellular automata and chaining their local transition functions yields an automaton whose global transition function is the composition of the ones of the other two automata (see Theorem 4). Q, N , δ) and C = (R, Q, N , δ ) be two semi-cellular automata, and let H be a K-big subgroup of G such that δ and δ are • H 0invariant. Furthermore, let N = g · n | n ∈ N , n ∈ N , g ∈ n and let δ : Q N → Q, → δ(n → δ (n → (g m 0 ,m 0 n · n ))).
Theorem 4 Let
The quadruple C = (R, Q, N , δ ) is a semi-cellular automaton whose local transition function is • H 0 -invariant and whose global transition function is • .
Proof Because G 0 · N ⊆ N , we have G 0 · N ⊆ N . And, because g m 0 ,m 0 n ∈ n, the map δ is well-defined. Therefore, the quadruple C = (R, Q, N , δ ) is a semi-cellular automaton.
Moreover, because δ and δ are • H 0 -invariant, according to Item 1 of Theorem 2, the maps and are H -equivariant and thus • also. And, because g m 0 ,m 0 = e G , ∀ n ∈ N , ∀ n ∈ N : (m 0 n) n = m 0 g m 0 ,m 0 n · n .
Hence, for each c ∈ Q M ,
Therefore, according to Theorem 3, the local transition function δ is • H 0 -invariant and the global transition function of C is • .
Corollary 5 Let C and C be two cellular automata over R and R respectively. There is a cellular automaton whose global transition function is • .
Proof This follows directly from Corollary 2 and Theorem 4 with H = G.
Remark 15 Under the identification of G/G 0 with M by ι, we have N = g n | n ∈ N , n ∈ N , g ∈ G m 0 ,n and, for each neighbour n ∈ N and each neighbour n ∈ N , we have g m 0 ,m 0 n · n = g m 0 ,n n .
Example 34 (One-dimensional lattice) In Theorem 4, if the assumption that the subgroup H of G is K-big or the one that the local transition functions δ and δ are • H 0 -invariant does not hold, then the global transition function of C may not be • , which is illustrated by the following example. Let C = ((M, K ), Q, N , δ) be the semi-cellular automata from Item 3 of Example 29. The subgroup T of G is not K -big (and the local transition function δ is not • G 0 -invariant) and although the local transition function δ is • T 0 -invariant (and although the subgroup G of G is K -big), the map ( ) 2 , which is depicted in Fig. 6 , is not a global transition function of a semi-cellular automaton, in particular, not of the one the construction in Theorem 4 applied to C yields.
Broadly speaking, for each global configuration c ∈ Q M and each cell m ∈ M, the state
The first row depicts the part of a global configuration that corresponds to the cells {−3, −2, . . . , 3}, the second row the same part of the image of that global configuration under , and the third row the part of the image under ( ) 2 . And, the arrows from cells in one row to another depict the flow of states depends in an asymmetric way on the cell that cannot be induced homogeneously by a local transition function and a coordinate system. And, the construction in Theorem 4 applied to C yields the semi-cellular automaton C = ((M, K ) , Q, {−2, −1, 0, 1, 2} , δ : → (0)) whose global transition function is the identity map on Q M . Clearly, the square ( ) 2 is not the identity map on Q M .
Proof First, suppose that there is a coordinate system K = (m 0 , {g m 0 ,m } m∈M ) for M and there is a semi-cellular automaton C = ((M, K) , Q, N , δ ) whose global transition function is ( ) 2 
which contradicts that c(m +2) = c(m). In conclusion, there is no such coordinate system and semi-cellular automaton. Secondly, the construction in Theorem 4 applied to C yields the semi-cellular automaton C with the neighbourhood N = N + N = {−2, −1, 0, 1, 2} and the local transition function δ such that, for each local configuration ∈ Q N , δ = δ n → δ n → g 0,n n = g 0,1 1 = ( 1 (1)) = (0) , where (0, {g 0,m } m∈M ) is the coordinate system K . In conclusion, the global transition function of C is the identity map on Q M .
Properness and semi-properness
Introduction The symmetries of a circle, namely rotations and (roto-)reflections, act on it on the left by function application. A rotation is uniquely determined by its angle and a (roto-)reflection can be uniquely identified by an angle with respect to a designated line. Hence, the symmetries of the circle can be identified with the disjoint union of the angles, say, A × {1, −1} = [0, 360) × {1, −1}. We do the identification by (a, r ) → ρ a • r , where ρ a is the rotation by a degrees, 1 is the identity map, and −1 is the reflection about the vertical line through the centre of the circle. This identification induces the group structure (a, r ) + (a , r ) → (a + r · a mod 360, r · r ) on A ×{1, −1} and the left group action (a, r ) m = ρ a ( r (m)) of A × {1, −1} on the circle.
Geometrically, the group A × {1, −1} is made up of two circles of circumference 360. The geometry on each circle induces a topology on it and both topologies together induce the product topology on A × {1, −1}. It can be shown that addition and inversion in A × {1, −1} are continuous, and that the left group action is continuous also. After all, the action just rotates and reflects points, so points that are close stay close.
As we have seen in the introduction of Sect. 3, the right quotient set semi-action induced by can be identified with the right group action of the rotations on the circle. Under the identification of rotations with angles, this action is m a = ρ a (m), which is continuous. Hence, if we act with a compact subset of angles on a compact subset of points by that action, then we get a compact subset of points. This is not the case for all right semi-actions, but it is for those induced by proper left group actions, where an action is proper if preimages of compact sets under its action map are compact. This property is of interest for cellular automata, because it implies that, if an automaton has a compact (relative) neighbourhood, then the actual neighbourhood of each cell is compact, even the union of all actual neighbourhoods of a compact subset of points is compact. For our purposes, being included in a compact set is sufficient, which is already implied by semi-properness.
The action map of is α : , ((a, r ), m) → ((a, r ) m, m) , where M denotes the circle. Its domain is, topologically, the disjoint union of two tori equipped with the product topology; and its codomain is, topologically, a torus. The preimage of (m , m) under α consists of two tuples, one in each torus, namely ((a, 1) , m) and ((a , −1), m) , where a is the angle such that ρ a (m) = m and a is the angle such that ρ a ( −1 (m)) = m (see Fig. 7a Fig. 7a the two points in the squares depict the preimage of (m , m) under the action map α of . In Fig. 7b the vertical line segments in the squares depict the preimage of Y × {m} under α. In Fig. 7c the diagonal line segments in the squares depict the preimage of m × X under α. And in Fig. 7d the diagonal ribbons in the squares depict the preimage of Y × X under α the same length (see Fig. 7b ); the preimage of m × X , where X is an arc of the circle, consists of two 'similar' paths in the 'diagonal' direction, one in each torus, of the form {((a m , 1) , m) | m ∈ X } and ((a m , −1) , m) | m ∈ X , where a m is the angle such that ρ a m (m) = m and a m is the angle such that ρ a m ( −1 (m)) = m (see Fig. 7c ); and, the preimage of Y × X , where X and Y are arcs of the circle, consist of two 'similar' ribbons in the 'diagonal' direction, one in each torus (see Fig. 7d ). It can be shown that the preimages of compact subsets of the torus under the action map are compact.
Contents In Definition 20 we introduce topological groups. In Definition 21 we introduce transversals of sets of sets. In Definitions 22 and 23 we introduce properness and semiproperness of maps and actions. In Examples 35 and 36 we present examples of proper and semi-proper actions. In Lemma 13 we show that for semi-proper actions each transversal of the transporters from a compact set to a compact set is included in a compact set. In Lemma 14 we show that the action of a discrete group on a discrete space is semiproper. In Lemma 15 we show that for transitive semi-proper actions each induced semi-action has the property that, if a compact set semi-acts on a compact set, then the resulting set is included in a compact set. And in Remark 37 we present an example that demonstrates that for the previous property semi-properness is not necessary.
Body A topological group is a group equipped with a topology such that multiplication and inversion are continuous.
Definition 20 Let G be a group equipped with a topology. It is called topological if and only if the maps
are continuous, where G × G is equipped with the product topology.
A transversal of a set of sets is a set that contains one element from each set. The image of a compact set under a continuous map is compact, but the preimage is in general not. A proper map is a continuous map whose preimages of compact sets are compact. And, a semi-proper map is one whose transversals of its fibres are included in compact sets.
Note that because the entries a, b, c, and d of a matrix in SL(2, R) satisfy ad − bc = 1, this is an action by orientation-preserving isometries. The stabilizer of ı under is SO (2, R) . According to Theorem 21.18 in Lee (2013) , there is an (·, )-equivariant diffeomorphism from SL(2, R)/ SO (2, R) to H. In particular, the left-homogeneous space (H, SL(2, R) , ) is proper. (c) Let n be a positive integer. The Euclidean group E(n) is a non-compact Lie group and the orthogonal group O(n, R) is a compact subgroup of E(n). Hence, the left-homogeneous space (E(n)/ O(n, R), E(n), ·) is proper. The group E(n) acts transitively and smoothly on the Euclidean space R n by function application denoted by . The stabilizer of 0 under is O(n, R). According to Theorem 21.18 in Lee (2013) , there is an (·, )-equivariant diffeomorphism from E(n)/ O(n, R) to R n . In particular, the left-homogeneous space (R n , E(n), ) is proper.
6. According to the first paragraph in Sect. 6 in Kassel (2012) , the indefinite unitary group U(n, 1) acts properly and transitively on the = (M, G, ) be a left group set, let M and G be equipped with their respective discrete topology, let m be an element of M such that the stabilizer of m under is infinite. According to the forthcoming Lemma 14, the group set M is semi-proper. However, because the singleton set {(m, m)} is compact (that is, finite) and its preimage under the action map of is G m × {m} is not compact (that is, not finite), the group set M is not proper. For example:
(a) The group Z 2 acts transitively on Z on the left by
Each element of Z has the infinite stabilizer {0} × Z. Hence, the left-homogeneous space (Z 2 , Z, ⊕) is semi-proper but not proper. (b) Let F 2 be the free group over {a, b}, where a = b, let ϕ be the homomorphism from F 2 to Z that is uniquely determined by ϕ(a) = 1 and ϕ(b) = 0, and let be the transitive left group action of F 2 on Z given by (g, z) → ϕ(g) + z. For each integer z ∈ Z, the stabilizer of z is ϕ −1 (0) , which is the infinite set of all elements of F 2 that can be written as products of a, b, a −1 , and b −1 with the same number of occurrences of a and a −1 . Hence, the left-homogeneous space (F 2 , Z, ) is semi-proper but not proper. (c) Let S be an infinite set, let F be the free group over S, let M be the uncoloured S-Cayley graph of F, let G be the graph automorphisms of M, and let be the transitive left group action of G on M by function application. or each element m ∈ M, because there are |S|-many outgoing edges to isomorphic subgraphs, the stabilizer of m is infinite. Hence, the left-homogeneous space (G, M, ) is semi-proper but not proper.
Each transversal of the transporters from a compact set to a compact set under a semi-proper group action is included in a compact set. M = (M, G, ) be a semi-proper left group set, and let K and K be two compact subsets of M. Each transversal of G k ,k | (k, k ) ∈ K × K is included in a compact subset of G.
Lemma 13 Let
Proof According to Tychonoff's theorem and because product and subspace topologies behave well with each other, the set K × K is a compact subset of M × M. Because the action map α of M is semi-proper and the preimage of each tuple
Equipping a bare left group set with the discrete topology yields a semi-proper group set. If its stabilizers are finite, then it is even proper; but if they are infinite, then it is not proper. Let K be a finite subset of M × M. Because the set α −1 (k) | k ∈ K , where α is the action map of M, is finite, so is each of its transversals. Thus, the map α is semi-proper. In conclusion, the group set M is semi-proper.
Equip G/G 0 with the topology of M. R = ((M, G, ) , (m 0 , {g m 0 ,m } m∈M )) be a topological cell space. Equip G/G 0 with the topology induced by m 0 _.
Definition 24 Let
The right semi-action induced by a semi-proper lefthomogeneous space maps compacta to sets included in compacta (see Lemma 15). This property is essential in the proof of Main Theorem 5; there it is used to show that global transition functions are uniformly continuous. Note though that semi-properness is not necessary for the property to hold (see Example 37). One can show that if the left-homogeneous space is even proper, then its induced right semi-actions map compacta to compacta. R = ((M, G, ) , (m 0 , {g m 0 ,m } m∈M )) be a semi-proper cell space, let K be a compact subset of M, and let E be a compact subset of G/G 0 . The set K E is included in a compact subset of M.
Lemma 15 Let
Proof We have
Both the singleton set {m 0 } and the set K are compact. Hence, according to Lemma 13, the transversal
Example 37 Semi-properness of (M, G, ) is not necessary for K E to be included in a compact subset of M. This is illustrated by the following example.
For each d ∈ N + , equip R d with the Euclidean topology. Note that, for each d ∈ N + and each d ∈ N + , the product topology on R d × R d is the Euclidean topology on R d+d .
The groups R 2 and R under addition are topological. And, the group R 2 acts continuously and transitively on R on the left by : ((x, y) , z) → x +z. Each stabilizer under is {0}× R. And, each right quotient set semi-action of R 2 /({0} × R) on R induced by is : (z, (x, y) 
Recall that images of compact subsets under continuous maps are compact. Therefore, for each compact subset K of R and each compact subset E of R, because K × E is a compact subset of R × R, the set K E is a compact subset of R.
The action map induced by is α : ((x, y) 
The transversal T is not included in a compact subset of R 2 × R. Therefore, the left group set R, R 2 , is not semi-proper.
Curtis-Hedlund-Lyndon theorems
Introduction A metric space is a uniform space and a uniform space is a topological space. The uniformity induced by a metric is generated by the set of entourages that contains for each positive size the entourage of open balls of that size about each point (think of a family of neighbourhoods, one for each point, that are comparable in size). The topology induced by a uniformity is the set that contains the neighbourhoods of all points that can be extracted from the entourages (by throwing all neighbourhoods in one pot we lose the ability to compare the sizes of neighbourhoods of different points).
A map on a metric space is continuous if, by bringing two points sufficiently close together, their images can be brought arbitrarily close together; and it is uniformly continuous if the sufficient closeness of two points that is needed to get a certain closeness of their images is the same for all pairs of points. In topological terms, continuity means that preimages of open sets are open; and in uniform terms, uniform continuity means that preimages of entourages are entourages. The concept of uniform continuity cannot be expressed in topological terms, because the sizes of neighbourhoods of different points are not comparable.
The global transition function of a traditional cellular automaton is homogeneous and local (see Sect. 1). It is homogeneous because all cells use the same local transition function, and local because the neighbourhood is finite. Homogeneity is equivalent to equivariance under translations of global configurations and locality to continuity with respect to the prodiscrete topology on global configurations. Both equivalences together are known as Curtis-Hedlund-Lyndon theorem.
If the set of cells is discrete, then locality is naturally expressed by requiring neighbourhoods to be finite and characterised by uniform continuity, if the set of states is infinite, and continuity, otherwise, where the set of global configurations is equipped with the prodiscrete uniformity or topology, which is generated by cylinders with finite bases, more precisely, the prodiscrete uniformity or topology is the product uniformity or topology, where the set of states is equipped with the discrete uniformity or topology. And, if the set of cells is continuous, then locality is naturally expressed by requiring neighbourhoods to be compact and characterised by uniform continuity, where the set of global configurations is equipped with the uniformity that is generated by cylinders with compact bases.
In the first case, if the set of states is finite, then continuity suffices in the characterisation; in the second case though, if the neighbourhood is infinite, then even for finite sets of states, it seems that continuity is not sufficient in the characterisation. Moreover, it may seem more natural to choose a bounded and closed neighbourhood. However, boundedness is only defined on metric spaces. And, according to the Heine-Borel theorem, on Euclidean spaces, compactness is characterised by boundedness and closedness. So, compactness seems and turns out to be a good alternative.
For the characterisation, if the set of states is infinite, then we require the left group action to be semi-proper. The reason is that for a global transition function to be continuous, for each cylinder C with a compact base K , there must be a cylinder C with a compact base whose image is included in C. Because the new states of the cells in K are uniquely determined by the current states of cells in K N , the base of the cylinder C must include K N . Hence, for there to be such a cylinder C , the set K N must be included in a compact set, which is the case if the left group action is semi-proper.
Various variants of the Curtis-Hedlund-Lyndon theorem have been found in recent years: A uniform variant for cellular automata over groups in Ceccherini-Silberstein and Coornaert (2008) , a topological variant for cellular automata over left-homogeneous spaces in Moriceau (2011) , and topological variants for cellular automata over one-sided shift spaces over infinite alphabets in Ott et al. (2014) , Gonçalves et al. (2016) , and Sobottka and Gonçalves (2017) .
Contents Given topological structures on the set of cells and the set of symmetries that behave nicely with the left group action, we equip the set of global configurations with a uniform and a topological structure (see Definition 25) that generalise the prodiscrete topology and uniformity (see Remark 18), and prove a uniform and a topological variant of the Curtis-Hedlund-Lyndon theorem. In Theorem 5, the uniform variant, we show that global transition functions are characterised by -equivariance and uniform continuity.
And in its Corollary 6, the topological variant, that under the assumption that the set of states is finite, they are characterised by -equivariance and continuity. Note that, if the set of cells is compact or finite respectively, then uniform continuity or continuity are insubstantial (see Remark 21).
Body Equip the set of global configurations with the topology and the uniformity generated by cylinders with compact bases.
Definition 25 Let M be a topological space and let Q be a set.
1. The topology on Q M that has for a subbase (and base) the sets
is called the topology of discrete convergence on compacta. 2. The uniformity on Q M that has for a subbase (and base) the sets
is called the uniformity of discrete convergence on compacta.
If the set of cells carries the discrete topology, then the topology and uniformity on global configurations reduce to the prodiscrete topology and uniformity. (2010)). 2. If the topological space M is compact, the topology and uniformity of discrete convergence on compacta on Q M is the discrete topology and uniformity on Q M respectively. 3. The topology induced by the uniformity of discrete convergence on compacta on Q M is the topology of discrete convergence on compacta on Q M .
If the set of cells and the group that acts on it carry the discrete topology, and the set of states is finite, then uniform notions on global configurations reduce to topological ones. R = ((M, G, ) , (m 0 , {g m 0 ,m } m∈M )) be a cell space and let Q be a finite set. Equip M and G with their respective discrete topologies, and equip Q M with the prodiscrete topology. According to Lemma 14, the cell space Proof First, let be the global transition function of a semi-cellular automaton C = (R, Q, N , δ) such that δ is • H 0 -invariant and such that there is a compact sufficient neighbourhood E of C. Then, according to Item 3 of Theorem 2, the map is H -equivariant. Moreover, let K be a compact subset of M. According to Lemma 15, the
Remark 19 Let
Because the sets E(K ), for K ⊆ M compact, constitute a base of the uniformity on Q M , the global transition function is uniformly continuous. Secondly, let be as in Item 2. Because is uniformly continuous, there is a compact subset E 0 of M such that
Therefore, for each c ∈ Q M , the state (c)(m 0 ) depends at most on c(m 0 n) ).
The quadruple C = (R, Q, N , δ) is a semi-cellular automaton. Conclude with Theorem 3 that δ is • H 0 -invariant and that is the global transition function of C.
Remark 20 Note that in the proof semi-properness of R is used to deduce Item 2 from Item 1 but not to deduce Item 1 from Item 2.
Global transition functions of cellular automata with finite sets of states and finite sufficient neighbourhoods are characterised by equivariance and continuity.
Corollary 6 (Topological variant of the Curtis-Hedlund-Lyndon theorem) Let R = (M, K) = ((M, G, ), (m 0 , {g m 0 ,m } m∈M )) be a cell space, let Q be a finite set, let be a map from Q M to Q M , let Q M be equipped with the prodiscrete topology, and let H be a K-big subgroup of G. The following two statements are equivalent:
M that has the same global transition function; and, because, according to Item 2 of Remark 18, the uniformity on Q M is the discrete uniformity, the map is uniformly continuous. And, if M is finite, then each semi-cellular automaton has a finite neighbourhood; and, because the topology on Q M is the discrete topology, the map is continuous.
The Curtis-Hedlund-Lyndon theorems presented above are generalisations of known theorems for cellular automata over groups.
Remark 22 In the case that M = G and is the group multiplication of G, Theorem 5 is Theorem 1.9.1 in Ceccherini-Silberstein and Coornaert (2010) and Corollary 6 is Theorem 1.8.1 in Ceccherini-Silberstein and Coornaert (2010) .
The uniform variant of the Curtis-Hedlund-Lyndon theorem can be applied to some automata that we have already encountered.
Example 38 (Sphere, plane) The global transition functions of Examples 27 and 28 are -equivariant and uniformly continuous.
On cell spaces that are not semi-proper and for subgroups that are not big, the uniform variant of the Curtis-Hedlund-Lyndon theorem does not hold, which is illustrated by Let Q be the set {0, 1}, let N be the set R, and let δ be the map Q N → Q, → (1). The quadruple C = (R, Q, N , δ) is a semi-cellular automaton that has the compact sufficient neighbourhood {1} and whose local transition function is • T 0 -invariant, where T is the subgroup α t,1 | t ∈ R of translations of G, which is not K-big and T 0 is the stabilizer of m 0 under T . Note that, because G 0 {1} = R and we need 1 ∈ N and G 0 N ⊆ N , we had to choose N = R.
The global transition function of C is the map Q M → Q M , c → [m → c(m 1)]. The state (_)(0) depends on the state of cell 0 1 = 1 and, for each cell m ∈ M \ {0}, the state (_)(m) depends on the state of m 1 = 1/m + m, which diverges to ±∞ as m tends to 0 from above or below. In particular, the restriction (_) [0, 1] E([0, 1] ). However, because D is unbounded, it is neither an entourage nor included in one, hence ( × ) −1 (E([0, 1]) ) is not an entourage, and therefore is not uniformly continuous.
In conclusion, for cell spaces that are not semi-proper, Item 2 of Main Theorem 5 does not follow from Item 1. However, according to Remark 20, even for cell spaces that are not semi-proper, Item 1 follows from Item 2.
Whether, under the assumption that the set of states is finite, continuity is sufficient in the uniform variant of the Curtis-Hedlund-Lyndon theorem is an Open Problem Is there a semi-proper cell space R, a finite set Q, a map from Q M to Q M , a K-big subgroup H of G such that is H -equivariant and continuous with respect to the topology of discrete convergence on compacta on Q M , but such that is not the global transition function of a semicellular automaton over R with • H 0 -invariant local transition function and compact sufficient neighbourhood?
In Example 1.8.2 in Ceccherini-Silberstein and Coornaert (2010), for each infinite group G, an -equivariant and continuous map on G G , equipped with the prodiscrete topology, is constructed that is not the global transition function of a cellular automaton over G with finite neighbourhood. One may try to use the general idea of the construction to construct a -equivariant and continuous map on {0, 1} R that is not the global transition function of a cellular automaton over (R, +) with compact neighbourhood.
Reversibility
A cellular automaton is reversible if its computations can be made in reverse by another automaton (see Definition 26). If we consider only automata with compact sufficient neighbourhoods, it follows from Theorem 5 that a map is the global transition function of a reversible automaton if and only if it is an equivariant uniform isomorphism (see Theorem 6). Hence, if we consider only those with finite set of states and finite sufficient neighbourhoods, a map is the global transition function of a reversible automaton if and only if it is equivariant, continuous, and bijective (see Corollary 7). In particular, such an automaton is reversible if and only if its global transition function is bijective (see Corollary 8).
Definition 26 Let C = (R, Q, N , δ) be a semi-cellular automaton. It is called reversible if and only if there is a semi-cellular automaton C , called reverse to C, such that the global transition functions of C and C are inverse to each other.
Theorem 6 Let R = (M, K) = ((M, G, ) , (m 0 , {g m 0 ,m } m∈M )) be a semi-proper cell space, let Q be a set, let be a map from Q M to Q M , let Q M be equipped with the uniformity of discrete convergence on compacta, and let H be a K-big subgroup of G. The following two statements are equivalent:
1. The map is the global transition function of a reversible semi-cellular automaton C that has a reverse C such that the local transition functions of C and C are • H 0 -invariant, and C and C have compact sufficient neighbourhoods.
The map is an H -equivariant uniform isomorphism.
Proof With Lemma 2 this follows directly from Theorem 5.
Corollary 7 Let R = (M, K) = ((M, G, ), (m 0 , {g m 0 ,m } m∈M )) be a cell space, let Q be a finite set, let be a map from Q M to Q M , let Q M be equipped with the prodiscrete topology, and let H be a K-big subgroup of G. The following two statements are equivalent:
1. The map is the global transition function of a reversible semi-cellular automaton C that has a reverse C such that the local transition functions of C and C are • H 0 -invariant, and C and C have finite sufficient neighbourhoods.
The map is H -equivariant, continuous, and bijective.
Proof With Remark 19 this follows directly from Theorem 6. Example 40 In Corollary 8, if the assumption that the semicellular automaton C has a finite set of states does not hold, then it may not be reversible even if its global transition function is bijective, which is shown by the cellular automaton of Example 1.10.3 in Ceccherini-Silberstein and Coornaert (2010).
Conclusion
In the present paper we introduced and studied semi-cellular automata over left-homogeneous spaces, where we used right quotient set semi-actions to define the global transition functions of such automata. We deduced from the properties of semi-actions that, for a semi-cellular automaton whose local transition function is invariant under the stabilizer of a big subgroup, its global transition function does not depend on the choice of coordinates, is equivariant under the subgroup, is determined by its behaviour in the origin, and its composition with another such global transition function is itself such a function. We proved a uniform and a topological variant of the Curtis-Hedlund-Lyndon theorem for semi-cellular automata over semi-proper left-homogeneous spaces whose local transition functions are invariant as above and that have compact sufficient neighbourhoods. From these theorems followed uniform and topological characterisations of the invertibility of such automata.
Which other theorems and problems about cellular automata over the integer lattice or groups hold for automata over left-homogeneous spaces? What about the Garden of Eden theorem, the Moore and Myhill properties, and these theorems and properties over subshifts? What about the firing squad synchronisation problem or leader election? A Garden of Eden theorem was proven in Wacker (2016) , but the other questions are mostly open.
